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J Bělín1,2,∗ , T Tyc3 and S A R Horsley4
1 School of Physics and Astronomy, College of Science and Engineering, University of Glasgow, Glasgow G12 8QQ, United Kingdom
2 Central European Institute of Technology, Brno University of Technology, Purkyňova 656/123, 612 00 Brno, Czech Republic
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Abstract
We analyse the evolution of the wavefunction of a quantum particle propagating on several
compact manifolds, including the Klein bottle, Möbius strip and projective plane. We find
analytically the stationary states and the energy spectrum and show that the wavefunction exhibits
perfect revivals. Using the orbifold structure of the discussed manifolds, we establish the relation
of wave evolution on the manifolds to Fresnel diffraction and consequently to the Talbot effect.
This connection provides a novel method of optical simulation of the quantum motion on
compact manifolds. We discuss some novel phenomena as well as the effects of topology on the
properties of the waves on the manifolds.
1. Introduction
Wave propagation on a closed surface differs markedly from that on an open one. Rather than escape to
infinity the wave energy continually revisits parts of the surface, allowing the formation of bound states.
The local curvature of the surface also affects the wave: positive Gaussian curvature tends to focus wave
energy, and negative curvature tends to disperse it [1]. One can therefore control a wave that is confined to
a surface through carefully shaping the surface, which is the principle of geodesic lens design [2–5]. Indeed,
the control of a wave through modifying the local geometry goes deeper than this, and transformation
optics [6–8] has recently exploited the equivalence between material parameters and geometry to design
concealment devices [9–11], among other things. This work is in a similar vein, but rather than focus on
controlling propagation through changing the local geometry seen by the wave, we change the topology of
the space. Topology is concerned with global properties of the geometry, and is well known to affect the
behaviour of a wave confined to a surface. For instance, the Poincare–Hopf theorem [12] tells us
that any standing wave on a closed surface will have critical points related to the Euler characteristic of the
surface.
Here we consider a number of manifolds with different topologies and Euler characteristics: a torus,
Möbius strip, Klein bottle, real projective plane, ‘double-sided square’ [13], and ‘double-sided triangle’.
Extending the previous work of reference [14] where some of these manifolds were also considered, we
establish an equivalence of wave propagation on the manifolds with wave propagation on their quotient
spaces, equipped with the appropriate boundary conditions (‘gluing instructions’). Arranging copies of the
quotient space in a plane without gaps and overlaps such that the gluing instructions are satisfied at
boundaries between adjacent copies, we find that this equivalence can be further extended to wave
propagation in the plane, subject to the symmetries derived from the symmetry and topology of the original
manifold. This enables us to find analytically the modes and eigenfrequencies for the manifolds.
Remarkably, thanks to the spectrum structure, each of the manifolds considered here exhibits perfect
wavefunction revivals.
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Moreover, thanks to the equivalence between paraxial wave propagation along an axis and time
evolution according to the time dependent Schrödinger equation, we show that the time evolution of a
Schrödinger wave on the manifold is equivalent to the evolution of the diffraction pattern created by a
grating of a particular symmetry. This enables an efficient optical simulation of quantum wave propagation
on the manifolds: simply illuminate a grating with the particular symmetry by a plane wave and observe the
diffraction patterns at different distances behind it. The wavefunction revivals then correspond to the Talbot
effect for the corresponding diffraction problem.
Thanks to the periodicity of the wave in the plane tessellated by the copies of the quotient space, the
evolution of the quantum wave on any of the manifolds considered here is always equivalent to evolution of
a quantum wave on the surface of some torus, usually larger than the quotient space. However, for most of
the manifolds considered here (all but the torus itself) there is a smaller repeat pattern which satisfies
boundary conditions equivalent to folds or twists in the surface, and therefore the wave behaves as if on a
closed surface with a different topology than that of the torus. This fact is already well known to
mathematicians, and forms the basis of Conway’s orbifold description of the wallpaper group [15].
The paper is organised as follows: in sections 2 and 3 we discuss the quotient space of a manifold and its
tessellation of a plane, respectively. In section 4 we describe the method for finding the modes analytically
and present eigenmodes and eigenvalues for different manifolds. In section 5 we establish the relation with
paraxial diffraction theory. In section 6 we present numerical simulations of wavepacket evolution,
including demonstration of topological charge reversal on the Klein bottle. In section 7 we discuss the
relation of the manifold topology to the properties of the critical points of its modes, and we conclude in
section 8.
2. Manifold and its quotient space
Consider a quantum particle of mass μ propagating freely (i.e., in zero potential) on a closed manifold S.








has separable solutions of the form ψn(r, t) = ψn(r) exp(−iEnt/), where the stationary states ψn(r) satisfy
the Helmholtz equation
 ψn + k2nψn = 0, (2)
where kn is the wavenumber and the energy eigenvalues are En = 2k2n/(2μ).
Instead of solving the Helmholtz equation on the manifold itself, we can equivalently solve it on the
quotient space, i.e., on the unfolded net of the manifold equipped with ‘gluing instructions’—the rules of
which edges of the unfolded net should be identified. This key observation has been made in reference [16]
and was further exploited in reference [17] for the case of a regular tetrahedron where the quotient space is
an equilateral triangle. This does not solve the problem completely, and finding the modes for many
quotient spaces is still difficult. However, the problem is greatly simplified if copies of the quotient space can
be arranged such that they fill the entire Euclidean plane, without gaps or overlaps, such that the gluing
instructions are satisfied even at the boundaries between different copies of the quotient space. In that case
one can solve the Helmholtz equation in the plane directly instead of the quotient space; the only restriction
is that the wavefunction has to have the same values on all the copies of the quotient space. This imposes
certain restrictions on the wavefunction periodicity and/or other types of symmetry, and leads to discrete
modes. In the case of tetrahedron, these modes are standing plane waves. In the following we will analyse a
number of other manifolds whose quotient spaces can tessellate the plane, and find their modes.
3. Tessellating the plane with quotient space
In this section we establish the relation between waves on a manifold whose quotient space can tessellate the
plane, and the waves in that plane. This will then be further used for finding modes on the manifold.
Consider a manifold S which can be unfolded to a quotient space σ with a set gluing instructions such
that the entire plane R2 can be tessellated with copies of σ, without any overlaps or gaps, and with the
gluing instructions satisfied in R2, i.e., the identified edges of different copies of σ are connected with the
correct orientation. Such surface has an orbifold structure [15].
Further, consider a function ψ0(x, y) defined on the quotient space σ that satisfies the Helmholtz
equation (2) with wavenumber k as well as the gluing instructions. This function represents a mode on the
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Figure 1. (a) A torus and (b) its quotient space σ along with the tessellation of the plane R2 by copies of σ. The quotient space is
a rectangle of sides a and b marked by the orange shading with its opposite sides identified by relations (0, y) ∼ (a, y) and
(x, 0) ∼ (x, b), which is indicated with red and blue arrows. The red spots represent a sample Gaussian wavefunction and help to
visualise the tessellation.
manifold. We would now like to define the equivalent mode ψ(x, y) on the whole plane R2, generated from
ψ0(x, y) by the tessellation of R
2 with copies of the quotient space. Similar as ψ0(x, y), we require also
ψ(x, y) to satisfy the Helmholtz equation, this time in the whole plane.
In the following we have to distinguish two classes of manifolds and treat them separately: the first class
contains manifolds without hard boundaries, i.e., without lines on which the wavefunction has to vanish.
These include surfaces of polyhedra, the torus, the Klein’s bottle etc. The second class are manifolds with
hard boundaries on which the wavefunction has to be zero. These include polygons with hard walls, the
Möbius strip etc.
3.1. Manifolds without hard boundaries
For the first class of manifolds, namely those that contain no hard boundaries, going from the function
ψ0(x, y) on the quotient space to the equivalent function ψ(x, y) in the plane is straightforward: the
function ψ(x, y) is simply equal to ψ0(x, y) for the respective copy of the quotient space. This is illustrated in
figure 1(b) for the case of a torus whose quotient space is a rectangle with sides a and b, and the pairs of
opposite sides are identified. The tiling is performed simply by attaching the individual copies of σ to each
other with the same orientation, forming a periodic rectangular structure with periods a and b in the x and
y directions, respectively. The function ψ(x, y) is then also periodic, with the same periods.
3.2. Manifolds with hard boundaries
For the second class of manifolds, namely those that do contain hard boundaries, we have to deal with these
boundaries carefully. Let l be one of the straight lines that form the hard boundary in the quotient space σ;
this means that the function ψ0(x, y) is identically zero on l. We will call l a ‘zero line’. We would now like to
achieve the same condition for the equivalent function ψ(x, y) in the plane R2 that is tiled with copies of σ,
but at the same time we require ψ(x, y) to be the solution of the Helmholtz equation in the whole plane
(which also means that it is continuous including its first derivatives). A natural way how to combine these
requirements is as follows: to the zero line l on a given tile (i.e., on a copy on σ) we attach another tile again
with the corresponding zero line l such that the copies of σ meeting at l are mirror images of each other
with respect to l. Moreover, one of these two tiles will be taken as ‘negative’, meaning that the function
ψ(x, y) on that tile is equal to −ψ0(x, y) on σ; the other tile is ‘positive’ and the function ψ(x, y) on it is
simply equal to ψ0(x, y) on σ. This ensures that the derivative of ψ(x, y) normal to l is continuous when
going from one tile to the other. We illustrate this on an example of the Möbius strip with dimensions a and
b, depicted in figure 2. The function ψ(x, y) in the plane R2 has periodicity 2a and 2b, respectively, because
of alternating positive and negative tiles.
4. Mode structure of the manifold
By establishing equivalence of Helmholtz equation solutions ψ0(x, y) on the quotient space σ with the
solutions ψ(x, y) in the plane R2 we have obtained a powerful tool for finding the modes. Indeed, since the
tessellation of the plane R2 with copies of the quotient space σ according to the above rules is periodic, the
3
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Figure 2. (a) Möbius strip and (b) the corresponding quotient space σ (again marked by the orange shading) and its tessellation
of the plane. The tiles with blue spots are negative in the sense described in the text, and the wavefunction is zero on the black
lines.






ψ(x, y)e−i(kxx+kyy) dx dy, (3)
the periodicity of ψ(x, y) implies that the function ψ̃(kx, ky) is nonzero only on a discrete comb of points in
the plane (kx, ky) (i.e., in the reciprocal space). Moreover, from the fact that the function ψ(x, y) is a
solution of the Helmholtz equation in the plane R2 (with the wavenumber k) then follows that ψ̃(kx, ky) is
nonzero only on the circle k2x + k
2
y = k
2. Combining these two restrictions on the function ψ̃(kx, ky), we
arrive at the fact that this function is nonzero only on a finite number of discrete points in the reciprocal
space, which means that each of the modes we are looking for is a superposition of a finite number of plane
waves. The form of this superposition depends on the manifold we are dealing with; we will show that it can
be deduced from the symmetries of the tessellation of the plane with copies of σ.
For example, consider a sample Gaussian function ψ0(x, y) defined on the quotient space σ of the
Möbius strip and depicted in the bottom-left orange-shaded square in figure 2(b). Tessellation of the plane
with copies of σ results in the function ψ(x, y) as explained in section 3, depicted in the entire panel
figure 2(b). One can see that the function ψ(x, y) has a translational symmetry ψ(x, y) = ψ(x + 2ma, y) =
ψ(x, y + 2nb), where m, n ∈ Z. This symmetry then implies the allowed values of the components kx, ky of
the wavevector k = (kx, ky), i.e. kx = mπ/a and ky = nπ/b. Additionally, the following symmetries of
function ψ(x, y) can be deduced from figure 2(b): ψ(x, y) = −ψ(−x, y), ψ(x, y) = −ψ(x + a, y + b),
ψ(x, y) = ψ(−x + a, y + b). The function satisfying these symmetries is an eigenmode of the Möbius strip



















































where Nmn = (2/ab)1/2 is a normalizing constant, m ∈ N, n ∈ Z, and the number m + n must be odd. The
same result may be obtained by applying the boundary conditions of the quotient space σ directly.
Applying the symmetries of the tessellation of the plane with copies of the quotient space σ, one can
find the modes of some other manifolds, including torus, Klein bottle, real projective plane, double-sided
square and the double-sided triangle (we will provide the definitions of the last two manifolds in the
appendices A and B). Klein bottle and the real projective plane, together with the tessellation of plane R2
with copies of their respective quotient spaces, are presented in figure 3. Modes of all the manifolds
mentioned above, together with their normalizing constants, are presented in table 1.
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Figure 3. (a) The Klein bottle and (c) real projective plane. Panels (b) and (d) show their respective quotient spaces (marked by
the orange shading) σ, as well as the tessellation of the plane with copies of σ. Gluing instructions of the sides of σ and its copies
are depicted with red and blue arrows such that sides labelled with the same colour are identified in the directions of the arrows.
A sample function ψ0(x, y) defined on σ is represented with a red Gaussian spot.
Table 1. Modes of closed manifolds, obtained by investigating the symmetries of the tessellation of the plane with copies of the
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5. Connection to the diffraction theory
In this section, we will show how the quantum motion on compact manifolds is related to Fresnel
diffraction on periodic lattices and, consequently, to the Talbot effect. It is a well known fact that paraxial
propagation of a monochromatic scalar wave in a 3D space along the z axis is equivalent to time evolution








where T = ∂2/∂x2 + ∂2/∂y2 is the 2D Laplace operator, k0 is the wavenumber of the wave, and the global
phase factor exp(ik0z) of the wave ψ has been omitted. Equation (5) is equivalent to the Schrödinger
equation (1) if we set z = k0t/μ. This equivalence leads to an interesting way of optically simulating (or
visualising) evolution of a free quantum particle in a plane: one can simply perform a paraxial diffraction
5
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Table 2. Energy spectra and revival times T of chosen closed manifolds.
Surface Energy spectrum Emn Revival time T for a = b
Torus 2π22(m2/a2 + n2/b2)/μ μa2/(π)
Möbius strip π22(m2/a2 + n2/b2)/(2μ) 4μa2/(π)
Klein bottle π22(4m2/a2 + n2/b2)/(2μ) 4μa2/(π)
Real projective plane π22(m2/a2 + n2/b2)/(2μ) 4μa2/(π)
Double-sided square π22(m2 + n2)/(μa2) 2μa2/(π)
Double-sided triangle 2π22(m2 + 3n2)/(9μa2) 9μa2/(4π)
Figure 4. Evolution of the state (represented by the probability density) on the Klein bottle shown at (a) t = 0 (initial state), (b)
t = T/6 and (c) t = T/8. Note that in (b) the probability density exhibits an almost hexagonal symmetry while in (c) its
symmetry is rectangular.
experiment, letting a collimated beam incident on a grating placed in the plane z = 0 whose complex
transmission function corresponds to the initial state of the quantum particle; the evolution of the light
wave along the z axis then corresponds to the time evolution of the quantum particle.
On the other hand, we have seen that for a manifold S whose quotient space σ can tessellate the entire
plane R2 with the corresponding gluing instructions, propagation of a quantum particle on S is equivalent
to its propagation in the plane R2. Combining this idea with the above observation, we arrive at an
interesting conclusion: evolution of a quantum particle on the manifold S is equivalent to diffraction on a
grating whose complex transmission function satisfies the gluing instructions induced by the tessellation of
the plane by the copies of the quotient space σ (in other words, the grating has to obey the symmetry of the
tessellation). This enables to simulate the quantum motion on closed surfaces with simple diffraction
experiments. Moreover, if the quantum particle exhibits perfect quantum state revivals with the revival time
T, in the diffraction problem we will observe the Talbot effect [19–23] with the Talbot distance
zT = k0T/μ. This is a generalisation of similar observations made previously for the case of the
tetrahedron [17]. For each manifold presented in this paper, we have calculated the eigenvalues Emn of the
Hamiltonian Ĥ = − 22 μ. For a special choice a = b of the dimensions of the respective quotient
space, we also calculated the revival time T. Both energy spectra Emn and revival times T are presented in
table 2.
6. Simulations
In this section we present numerical simulations of quantum motion on some of the manifolds discussed
above. Wherever the quotient space was a rectangle with sides a and b, we have made it square by setting
a = b. All the figures show a section of the plane containing several copies of the quotient space. The plots
show the magnitude of the wavefunction ψ(x, y, t) (expressed as brightness) at different rational multiples
of the revival time T. The simulations were performed using Matlab and Mathematica.
Figure 4 visualises quantum motion of a particle on the Klein bottle. The initial state is chosen to be
constant on a disk and zero elsewhere. We can observe an interesting phenomenon: whereas the probability
density at time T/8 has a rectangular symmetry, the pattern at time T/6 exhibits an almost hexagonal
symmetry. This is caused by the arrangements of the fractional Talbot images at the corresponding times.
Figure 5 visualises quantum motion of a particle on the Möbius strip with a similar initial state as for the
Klein bottle, just using a larger disk.
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Figure 5. Evolution of the state on the Möbius strip shown at (a) t = 0 (initial state), (b) t = T/4 and (c) t = 2T/13. In (a) the
signs of the initial wavefunction at different copies of the quotient space are marked.
Figure 6. Wave evolution on the torus and Klein bottle; the brightness encodes the wave amplitude while the hue encodes the
phase. Panel (a) shows the identical initial state on both manifolds at time t = 0, having the topological charge of +1. Panels (b)
and (c) show the state at time t = μa2/(2π) on the torus and the Klein bottle, respectively. Panel (d) shows the state on the
Klein bottle at time t = 2μa2/(π). Note that the topological charge has reversed to −1 due to the non-orientable nature of the
Klein bottle. The wavefunction of the torus at this time returns to the initial state of (a) because it is twice the revival time of the
torus.
Figure 6 compares quantum motion of a particle on the torus and the Klein bottle. The initial state was
chosen to have a topological charge of +1. Remarkably, on the Klein bottle the wave evolves such that it has
a topological charge of −1 at half of the Talbot time [see figure 6(d)]. This topological charge flip never
happens for the torus and it is caused by the non-orientability of the Klein bottle. This way, we see that
there appears a new wave phenomenon due to the different topology of the Klein bottle.
7. The effect of topology on the critical points of the modes
As mentioned in the Introduction, topology has an effect on the allowed waves in a space. We now show
that this is evident in the modes given in the previous sections. All of our closed manifolds can be classified
in terms of their Euler characteristic χ = 2(1 − g), where g is the number of holes in the surface. Table 3
shows the Euler characteristics of the closed surfaces considered above in section 6. Famously the Euler
characteristic appears in the Gauss–Bonnet theorem [24], where it equals the integrated surface curvature
divided by 2π. The Euler characteristic also governs the behaviour of a vector field v on a closed surface. In
particular it specifies how the vector should behave at its isolated critical points xn, these being where the
vector has an undefined direction (we do not consider vector fields with non-isolated critical points). The
Poincare–Hopf theorem [12] states that
∑
n
indexxn (v) = χ. (6)
The ‘index’ of the vector field v at each of the critical points is the winding of the vector around the point.
It is calculated by taking an anticlockwise path around the critical point and recording how many times the
vector rotates as we move around the loop: n anticlockwise rotations of v corresponds to an index of +n,
and an index of −n corresponds to n clockwise rotations. As a simple example of a vector with a critical
point, take the radius vector r = (x, y). The radius vector has a critical point at the origin, where its
direction is undefined, and as we move in a small circle enclosing the origin the vector makes one
anticlockwise rotation, hence it is a critical point with index +1.
7
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Table 3. Euler characteristics for closed manifolds without boundaries given in
section 6.
Surface Euler characteristic χ
Torus 0
Klein bottle 0
Real projective plane 1
Double-sided square 2
Double-sided triangle 2
Figure 7. (a) Torus with the mode ψ = ψ1,1 + ψ−1,1 + ψ1,−1 + ψ−1,−1. (b) Klein bottle with the mode ψ = ψ1,1 + ψ1,−1. (c)
Real projective plane with ψ = ψ1,1. (d) Double-sided square with ψ = ψ1,1 + ψ1,−1. (d) Double-sided triangle with
ψ = ψ1,1 + ψ−1,−1. Maxima/minima are labelled with black dots, whereas saddle points are marked with grey dots. Since some
critical points are identified according to the gluing instructions (e.g. all the black dots in the corners of the torus quotient space
in (a) actually correspond to a single point), we have to multiply their indexes with the factors 1/2 or 1/4, which gives the
numbers shown.
This theorem can be applied to the modes on the closed manifolds investigated in the previous sections.
For the manifolds with boundaries there is an additional boundary contribution to (6), a complication
which we do not consider here. To see that the modes of the closed manifolds really satisfy the theorem, we
have constructed for each manifold a real-valued superposition of the simplest degenerate modes
ψ =
∑
mncmnψmn, with isolated maxima, minima, and saddle points, see figure 7. The gradient of each such
mode v = ∇ψ is a vector field to which the theorem (6) applies. At every maximum or minimum of ψ, v
has an index of +1, while at saddle points of the mode v will have an index of −1. Counting in figure 7 the
contributions of the maxima, minima, and saddle points, we arrive at the correct Euler characteristics
according to table 3, which shows that the modes indeed reflect the topology of our different manifolds.
8. Conclusions
We have found analytically eigenfunctions and eigenvalues for the stationary Schrödinger equation for a
number of closed manifolds, all of which share the property that their corresponding quotient spaces can
pave the plane without gaps or overlaps. Thanks to this property the motion of a quantum particle on the
manifold (and equivalently, on its quotient space) is equivalent to motion in the plane equipped with
certain conditions, and enables to express the eigenmode as a superposition of a finite number of plane
waves. Moreover, for all the cases discussed the wavefunction experiences perfect revivals after the
characteristic revival time T. We have demonstrated reversing of the topological charge of the wave on the
Klein bottle at half of the corresponding Talbot time, which is related to its non-orientability. We also
showed that time evolution of the wavefunction is equivalent to diffraction on a grating whose complex
transmission function satisfies the gluing instructions for the corresponding tessellation of the plane with
the copies of the quotient space.
Our work is closely connected with the theory of orbifolds, which in this context are folded surface
representations of the smallest repeat unit of a two-dimensional pattern [15]. In particular, all manifolds
discussed above are examples of orbifolds, and the gratings with which the quantum motion on these
orbifolds can be simulated are elements of ‘wallpaper groups’.
The quantum mechanics of particles on compact manifolds, including a sphere, torus, Möbius strip and
Klein bottle, have been studied before [14, 25, 26], and an exhaustive account of the periodic functions with
the symmetry of each of the wallpaper groups has been given in [27]. Adding to this previous work, here we
give the equivalence between the quantum movement of a particle on a compact manifold S and its
propagation in the plane equipped with the symmetries of the respective wallpaper group, demonstrating
the revival time of the wave on each separate manifold. This equivalence enables a simple simulation of the
8
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propagation using a classical diffraction experiment, from a grating with the symmetry of the appropriate
wallpaper group. The diffraction pattern at distance z from the grating is equivalent to the wavefunction of
the particle on S at time t = μz/(k0). In addition, we showed that the topology of the manifold is evident
in the number of maxima, minima and saddle points of the wave. Together with the observation of novel
phenomena, namely reversing the topological charge on Klein bottle, this can be studied using the proposed
optical simulation.
Our method of understanding diffraction also makes contact with several other areas of research. The
first is the recent work on so-called glide and twist symmetries [28, 29]. These symmetries are also special
cases of the general situation outlined above, where a typical structure is periodic along one axis and has
symmetry such that the smallest repeat unit fills the whole space with a combination of translation and
inversion operations. One important recent application of this symmetry has been to reduce the dispersion
of guided modes [29].
It does not seem to have been previously appreciated that quantum mechanics on folded surfaces can be
explored using simple diffraction experiments. Therefore we believe that our method of understanding
quantum motion on closed surfaces may represent a new avenue for research, where diffraction from some
gratings can be understood in terms of motion of waves on closed surfaces.
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Appendix A. Definition and modes of the double-sided square
Double-sided square is a square, on which the wavefunction is defined on both its sides. Although such
manifold looks unusual, it is used for Peirce quincuncial projection of a sphere [13]. The quotient space of
the double-sided square is a square of side a, with gluing instructions (a/2 + x, 0) ∼ (a/2 − x, 0),
(a/2 + x, a) ∼ (a/2 − x, a), (0, a/2 + y) ∼ (0, a/2 − y) and (a, a/2 + y) ∼ (a, a/2 − y) (see figure 8(b)). As
in the previous cases, a real plane R2 can be tiled with copies of a function ψ0(x, y) defined solely on that
quotient space. The unit cell of a resulting function φ(x, y) has a symmetry φ(x, y) = φ(x + a, y + b) =
φ(−x, a − y) = φ(a − x,−y), which leads to the modes φmn(x, y)












with m, n ∈ N0 and the normalizing constants Nmn = (1/a)[(1 + δm0δn0)/2]−1/2. The energy spectrum is
Emn = π2
2(m2 + n2)/(μa2) and the revival time is T = 2μa2/(π).
Appendix B. Definition and modes of the double-sided triangle
In this section, we will discuss is a double-sided equilateral triangle of side a. As shown in figure 9(a), the
respective quotient space is created by cutting one of the faces from the centre of mass towards the corners
of the triangle. When unfolded, this results in a regular hexagon with gluing instructions as these visualised
in figure 9(b) (edges labelled with the same colour, e.g. 1 and 1′, are identified). Figure 9(b) shows the plane
R
2 tiled with copies of function ψ0(x, y) defined on σ, using the tessellation rule no. 1. The unit cell of the
resulting function φ(x, y) corresponds to a rectangle with sides 3a and a
√
3. This yields the allowed
components of the wavevector to be kx = 2mπ/3a and ky = 2nπ/a
√
3. However, function φ(x, y) remains
unchanged when we move by a vector (3ma, na
√





3/2). This requires the sum m + n to be equal to an even integer. Finally, the unit cell has a
three-fold rotational symmetry and thus the modes φmn(x, y) coincide with superpositions of three plane
9
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Figure 8. (a) A folded square of a side a/
√
2, where a is a length of its diagonal; (b) The quotient space is equivalent to square of
side a, created by cutting the diagonals on one of its sides (e.g., the upper side as indicated in panel (a)). The sides of the original
folded square are indicated with black dashed lines and black dots indicate its corners. Panel (b) shows a function φ(x, y), created
by the tessellation with copies of ψ0(x, y) defined solely on σ.
Figure 9. (a) A double-sided regular triangle of a side a. (b) Its quotient space σ, which is a regular hexagon, created by cutting
one of the faces of the double-sided triangle from its centre towards the corners and unfolding it. The gluing instructions are
visualised with red, green and blue colours (i.e., pairs of edges with the same colour are identified, e.g. the blue edges labelled 1
and 1′). The sides of the original double sided triangle are indicated with black dashed lines. Panel (b) also shows the
corresponding tessellation of the plane.
waves with their wavevectors mutually rotated by angle ±2π/3












































)− 12 and the domain D for the indices m, n can
be expressed as D = {(m, n) = (0, 0)} ∪ ({(m, n);m ∈ Z, n ∈ N0, m + n even} ∩ {(m, n);m, n ∈ Z, n >
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